Question 1l (60%)

Write the total correctness proof tree of the triple [P] S1 || S2[Q] (specified below) where each branch is shown up
to the first order formulas. Proving first order formulas is not required.

P=[x=5Ay=7Av=0]
S1ZP1E[X:5/\y:7]

*xty <3xHBxy] (Y<1IS—>y=x+y); [y =12]
(Ely-2);x:=y-1;[y=12 Ax=11](C?y);z=x+Yy
Q= [z-y =11]

l
Sy [u<2 A v=0, u=0]
(v<1l-ou:=v);[u=0 Av<12] (E?V);Vv:=v=-3; [v=7](Clu+v)
[v-u>3]
Q=[z<21 Av>5]

Solution

Step 1: Introduce meta-symbols to denote program constructs and annotations. It makes the proof more compact
and better readable.

P=x=5Ay=7Av= // global precondition
Q=z<21 Av>5 // global post-condition
Process Si:
Si1:y<15—>yi=x+y /I iterated guarded command
812: ( E! y- 2)
Sizix=y-1
Su:(C?y)
Sisizi=x+y
Pi=x=5Ay=7 // local precondition of process S1
Q=zy=11 // local post-condition of process S1
Inv = x+y <3x // invariant of S11
V =3x-y // variant of S11
Pn=y=12 // intermediate condition between S11 and S12
Pio=y=12 Ax=11 // intermediate condition between S13 and S14
Process Sy:
S (v<l—>u:i=v) // guarded command
So2: { E? V)
Sp3:vi=v-3
Soa: ( Clu+v)
P> = u<2 Av=0, u=0 // local precondition of process S2
Q:=v-u>3 // local post-condition of process S
Py1=u=0 A v<12 // intermediate condition between S21 and S»
Py =v=7 // intermediate condition between S23 and Sz
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Step 2: Write the proof tree using meta-symbols as long as they need to be substituted with explicit formulae and

program constructs

FOL! proof FOL! proof
4, 5. 2. 3. 1.
A1k [P1] S1[Qi] A F[P2] S [Ql] FP=P1AP; FQiAnQ=>Q Coop(A1 A)

FIP] Si|S2[al

Branch 1: Cooperation test
Channel E:

FOL? proof
F(y=12Au=0Av<12)=>(y=12Ay-1=11 A (y-2)-3=7)
F=12Au=0AVv<12)=>(y=12Ay-1=11 Av=-3=7)[y - 2/V]
Fy=12Au=0Av<12} v=y-2{y=12Ay-1=11 Av-3=7}

Fy=12Au=0Av<12} vi=y-2{(y=12 Ax=11) [y - Ix] A (v=7) [v-3IV]}

(Substitution in post-
condition)

(:=-rule)
(Substitutions in post-
condition)

/I here post-condition is constructed using assignment axiom

Channel C: FOL! proof
Fy=12Ax=11 Av=T7)= ((u+v =11 A v-u >3)
F{y=12Ax=11 Av=7}= (((x+y) -y =11) A v-u >3)[ u+vly]
F{y=12Ax=11 Av=7}y:=u+v {((x+y) -y =11) A v-u >3}
F{y=12Ax=11 Av=T7}y:=u+v {((x+y) -y =11) A v-u >3}

F{y=12Ax=11 Av=7}y:=u+v{(z-y=10)[x+y/Z] Av-u>3}

(Substitutions in post-
condition)

(:=-rule)

(Substitutions in post-
condition)

If the cooperation tests pass we can formulate the communication commands with their local pre- and post-

conditions as axioms and do not prove them again in the proofs of local processes S; and S;
For process Si: we get axioms Az and Ax

A [y=12] (Ely-2);x:= y—1;[y=12 Ax=11]

A [y=12 Ax=111(C?y); z=x+y [z-y =11]

For process Sz: we get axioms A and Az
Ao1: [u=0 Av<12] { E?V) ;v :=v-3; [v=7]
Az [v=7] ( C! u+v) [v-u>3]

Thus, A1={A11, Az} and Ao = { Az, A}
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Branch 4: Local proof of process S;

4.1 Al An Al +Ap
A1+ [P1] S1a[P1a] A1 b [P1a] Si2; S13[P12] A1 b [P12] Sua; Sis [Q1]
A1 b [P1] S11,S12; S13; S1a ; S15[Qu]

A1+ [P1] S1[Qi]

Branch 4.1:

FOL? proof
FOL! proof FOL! proof A1 (InvAV=n A y<15) = (Inv A V<n)[(x + y)/y] FoL? proof
AiFPi=Inv A InvAy<i5 = V20 Agk [InVAV=N Ay<15]y:=x+y[InvaV <n] A InvAV2n= Py

Ark [Po] *{Inv}[V] (y<15—>y:i=x+y); [Pu]
A1+ [Pa] Su[Pu] (Iterated guarded
command)

Iterated guarded command rule for total correctness
FP =1 FIAN"iz1bi=>V>0 FVi=ln: [| A V=n /\bi] Si [| AV < n] - (| /\i:1,n —|bi) =Q
F{P} * {1} [V] [("i=1bi — Si ] {Q}

| —invariant, V- variant

Branch 5: Local proof of process S

5.1 Ay Axn A+ Axn
A2 F [Pa] So1[Paa] Az b [P21] S22 S23[P22] Az [P22] Sa4 [Q2]
Az F [P2] S21;S22; S23; Saa [Q2]
Az [P2] S2 Q2]

Branch 5.1:

FOL? proof
A (Uu<2 Av=0,u=0 AV<1)= (u=0 A v<12)[V/u]
Az F[u<2 Av=0,u=0 Av<1]u:=v[u=0 Av<12]
A Ju<2 Av=0,u=0] (v<1—u:=v);[u=0Av<l2]
Az - [P2] Sy [Pai]
5.1

(guarded command)
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