Gentzen’s sequent calculus

1935.a. Gerhard Genzen defined 1st order formulas as sequents.
Sequent A,...,A,+By, ..., B,

is equivalent to 1st order formula AN ANA, —B V.. VB,

wherem,n>0 andA, ..., A, B, ..., B, are formulas

' Y\mo

Sequent |h formula A,, ..., A,, — antecedent,
rh formula B, ..., B, —succedent.

Antecedent: A, ..., A
Succedent: B, ..., B

represents formula A, A ... AA,,
represents formula B; v ... v B,.

m

n

m = 0, means that antecedent formula is unconditionally true
n =0, means empty disjunct and contradiction



Language

Sequents consist of formulas constructed using : —, A, v, =, V, 3

Axiom (scheme) A—>A
Derivation rules - elimination and structural rules.

Each rule formalizes some proof step

Notations

Upper case latin letters A, B,... denote formulas

x — bound variable

a — free variable

t—term

I, @, A, [1- conjunctive/disjunctive sequences of formulae




Inference rules |

_______________________________________________

"""""""""""""""""""""""""""

~ Clut

it [ Xk AT (Cut)
rAra o r-44a
[LAANBFA (AL1) ['-AVB.A (V1)
rL.BFA CFBA o
rargra rFavpa (VR

_______________________________________________________________________________________________



Inference rules I

-----------------------------------------------------------------------------------------------

T,AFA T BFD o PiTFAA SFBI
raveran VP TErasrsan M
' T'HAA 2, BHII I Ak B,A
- I, A= BFAT (= ) r-A4A— BA (—R)
re4a nAra o
F-ara 9 Fr-aa

_______________________________________________________________________________________________



Inference rules Il

_______________________________________________________________________________________________

T, Alt/2] - A Tk Aly/a], A
[ vzAF A |

_______________________________________________________________________________________________

_______________________________________________________________________________________________

[ Alt/a], A
[F3zd, A

_______________________________________________________________________________________________

In rules VR and 3L the variable y must not occur free within I" and A.
Alternatively, the variable y must not appear anywhere in the respective lower
sequents.



Structural rules

-----------------------------------------------------------------------------------------------

WL WR

rara (VL) TFAA A
LAAFA | T4 A4 A

rara  (¢D rrana  (CR)
[ ABT,FA ' TFA,ABA

Ty, B, AT, FA A, B A A,

_______________________________________________________________________________________________



Inference Example

(I) (1)
BB CFC
(VL)
A"
e s ara
(BV C),~C,(BA) F -A (= L)
(ALy)
(BV C),=C,((B — ~4) AGOF -4 o
0 (BvC),((B— ﬁi};’\ﬁCDﬁCI— -4 L)
AF A (BVC),((B—-A)A B%)/\ﬁg - A
(=R) (CL)
F A4 (BvC) B—>—|4}A—| F-A
(PR) (PL)
- A,-A (B—=A) A=Clm{BVC) F -4
((B—=-A)A-C),(ASXBVC))F —-4,-4 E;Rf;)
((B—-4)A=C) (A~ (BVO)) - D) o)
(A= (BVOY(B — ~4) A=C) F -4 )
(A= (BVO) F (((B— —A) A =C)ODA)
(— R)

- (A= (BVC)OXN((B — =A) A=C) — =A))
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