Gentzen’s sequent calculus

1935.a. Gerhard Genzen defined 1st order formulas as sequents.
Sequent A, ...,A +By, ..., B,

is equivalent to 1st order formula AN ANA B V.. VB,

wherem,n>0 andA, ..., A, B, ..., B, are formulas

' Y'mo

Sequent |h formula A,, ..., A,, — antecedent,
rh formula By, ..., B, — succedent.

Antecedent: A, ..., A
Succedent: B, ..., B

represents formula A, A ... AA
represents formula B; v ... v B, .

m

n

m = 0, means that rh formula is unconditionally true
n =0, means empty disjunct and contradiction



Language

Sequents consist of formulas constructed using : —, A, v, =, V, 3

Axiom (scheme) A—A
Derivation rules - elimination and structural rules.

Each rule formalizes some proof step

Notations

Upper case latin letters denote formuli

x —bound variable

a — free variable

t—term

I, @, A, [1- conjunctive/disjunctive sequences of formuli




Inference rules |

_______________________________________________

& Clut

ol [ Xk AT (Cut)
rAra o CHaa o
[LAANBFA (ALa) I'-AvVB.A (Vi)
rLBra rEBA
rarpra N rravpa (VR

_______________________________________________________________________________________________



Inference rules I

-----------------------------------------------------------------------------------------------

AR A Y, BFII EEFI—A..,& Y B

: vIL) @ ' AR)
T 5. AvBF A ()gg TYF AAB AT H
‘THAA X BFII I;H [ A B.A
Traspran P trassa OF
Tk AA | L AFA

_______________________________________________________________________________________________



Inference rules Il|

_______________________________________________________________________________________________

T, At/2] F A Tk Aly/a], A
| VL 5 I
rveara 0 5 TFveda (1)
[, Aly/z] - A L TF At/ A
: L 5 '~ (3R
T apara oY EETT W

_______________________________________________________________________________________________

In rules YR and 3L the variable y must not occur free within I" and A.
Alternatively, the variable y must not appear anywhere in the respective lower
sequents.



Structural rules

———————————————————————————————————————————————————————————————————————————————————————————————

WL WR

rara (VL) TFAA U
LAAFA F'-AAA

rara  (CD rraa  (CB)
I, ABIL,FA . T'FA,ABA

Ty, B, AT, FA T'-A;, B A A,

_______________________________________________________________________________________________



Inference Example

(I) (1)
BFB CrC
Bvcr o VD
(PR)
BvCFC,B
(=L) (1)
BvC,~Ct+ B “AE —A
(BV(C),~C,(B—-A)F -4 (= L)
(ALy)
(BV C),~C,((B — —A) A =C) - —A P
; (BV C),((B— —A) A —=C),~CF —A (AL
AF A ( )R (BvC),((B—=-A)A-C),((B—=-A)A-C) Fﬁq(cs)
FﬁA,A..(ﬁ : (BVC),((B—-A)A=C)F-A (CL)
(PR) (PL)
FA-A (B= =A)A=C),(BVC)F=A
(B = —=A)A—C), (A= (BVC))F —4,-4 E;Rf;}
((B—-4)A-C), (4= (BVC))F -4 P
(A= (BVC)),((B—-A)A—=C)F -A ( .
(4 (BVO) F (B = ~4) A=C) = —4) =8
(— R)

F((A— (Bv Q)= (((B—-A)A-C) = —A4))



